Using closure over a complete set of rotational states for methane to evaluate the intensity for quasi-elastic electron scattering in the first Born approximation, a number of integrals were encountered that appear not to have been evaluated previously. Mathematica was employed to evaluate these and similar integrals, and it was discovered that in all the cases studied the results could be represented by simple formulas.
where the normalization factor N JM 1 M 2 is given by
J
HxL dx
for all values of M 1 and M 2 . For integer n > 0 the results are
where
The use of the word "prove" is based on the results from a Mathematica program. All of these expressions occur as ratios of positive integers and were found to be in exact agreement with the results on the right-hand sides in equation (7) for values of J from 0 through 18.
Note that the same result can be obtained for the case where
CHnL is replaced by
Except for the factor of 1 3 for I1 -x 2 M n and for x 2 n in the definitions of the C HnL, the remaining parts are equivalent to the integrals
Further investigation using
found the same result with
where it is noted that
Define the double sum over the integral
HxL dx, and (15)
The function h is the result of the Hamiltonian H operating on d.
h@j_, m1_, m2_, x_D := H1 -x^2L d2@j, m1, m2, xD -2 x d1@j, m1, m2, xD Define the integral a.
a@m_, n_D := Module@8x<, 1 ê 2 Integrate@H1 -x^2L^Hm ê 2L Hx^2L^n, 8x, -1, 1<DD
The function int1 is the integral in equation (14). The function int2 is the normalization integral of the square of
int2@j_, m1_, m2_D := Module@8x<, 1 ê 2 Integrate@d@j, m1, m2, xD^2, 8x, -1, 1<DD
The function s is the sum of the ratios of the integrals int1 and int2 over M 1 and M 2 .
s@j_, m_, n_D := Module@8m1, m2<, Sum@Sum@int1@j, m1, m2, m, nD ê int2@j, m1, m2D, 8m2, -j, j<D, 8m1, -j, j<DD
For various choices of m, n, and J, the table compares the exact evaluation of I J Hm, nL (equation (14)) with the proposed result I C Hm, nL (equation (15)) and shows that the ratio of the two is a constant, which in this case is C 0 = 1 3
. The evaluation of table@1, 1D
takes some time. 
